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Abstract
Velocity effects in first-order Schwarzschild deflection of light and particles have been explored
in the previous literature. In this paper, we investigate the roto-translational-motion induced
deflection by one moving Kerr black hole with an arbitrary but constant speed. It is shown that
the coupling between the effects of the rotation and the translational motion always exists for both
light and particles. The contribution of the roto-translational deflection to the total bending angle
is discussed in detail. This ratio takes upper limit for light and it decreases monotonically with
increasing translational velocity for a massive particle. For a given translational velocity of black
hole, this ratio increases with the particle’ velocity. In addition, the Post-Newtonian dynamics of
the photon and particle is also presented.
PACS numbers: 04.20-q, 95.30.Sf, 98.62.Sb
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I. INTRODUCTION
Gravitational lensing is one of the most significant focuses for theory of gravitation in
astrophysics and cosmology. The deflection of light by a static Schwarzschild or Kerr black
hole has been extensively studied, and the calculations have been performed to at least
third orders (see, e.g., Refs. [1, 2], and references therein). The motion effects of the black
hole on the deflection have also been investigated by several groups. In 2002, Kopeikin and
Mashhoon [3] studied the second-order purely spin-induced light deflection (gravitomagnetic
effects), based on the Lorentz covariant theory for first-order deflection of light by overall
lenses in arbitrary motion [4]. Sereno [5, 6] calculated the roto-translational effects on
deflection by the mass distribution with low velocity via the time delay of light. Wucknitz
and Sperhake [7] studied the first-order deflection of both particle and light for a moving
Schwarzschild black hole, and their results showed the effects due to the translational motion
of lens may bring about strong corrections to the total deflection angle. It can be expected
that the kinematic effects will also play an important role in the higher orders.
In this work, we work on the leading roto-translational effects of a moving Kerr black hole
on the deflection of both light and particle. As a first step to this complicated issue, we limit
our discussions for the case in which the translational velocity and the angular momentum
of the Kerr black hole are perpendicular.
This paper is organized as follows. The derivation of the harmonic metric of a uniformly
moving Kerr black hole is presented in Section II. Section III gives the calculation of deflec-
tion of light and particle. Section IV is devoted to detailed discussions about the leading
roto-translational effects in the weak-field approximation. Section VII contains the summary
and conclusion.
To be specific, we use units where G = c = 1 throughout.
II. HARMONIC METRIC FOR MOVING KERR BLACK HOLE
Let ei (i = 1, 2, 3) denotes the unit vector of three-dimensional rectangular coordinate
system. Suppose Kerr black hole has a mass of m and an angular momentum of J in e3
direction. The harmonic metric of Kerr black hole in the center of mass’s rest frame can be
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written as follows [8]:
ds2 = −dX20 +
R2(R+m)2+a2X23(
R2+ a
2
R2
X23
)2


(
X·dX+ a2
R2
X3dX3
)2
R2 + a2 −m2 +
X23
R2
(
X·dX− R2
X3
dX3
)2
R2 −X23


+
(R+m)2 + a2
R2 −X23

R2m2a
(
R2−X23
)(
X·dX+ a2
R2
X3dX3
)
(R2 + a2 −m2)(R2 + a2)(R4 + a2X23 )
+
R (X2dX1−X1dX2)
R2 + a2


2
+
2m(R+m)
(R+m)2+ a
2
R2
X23

Rm2a2
(
R2−X23
)(
X·dX+ a2
R2
X3dX3
)
(R2+a2−m2)(R2+a2) (R4+a2X23) +
a (X2dX1−X1dX2)
R2 + a2
+dX0


2
, (1)
where a ≡ J
m
is the angular momentum per mass and usually |a| ≤ m. X·dX ≡ X1dX1+
X2dX2+X3dX3, and
X2
1
+X2
2
R2+a2
+
X2
3
R2
= 1.
In the limit of weak field, the harmonic Kerr metric (up to order 1/R3) is reduced to
g00 = −1− 2φ
(
1− a
2X23
R4
)
− 2φ2 − 2φ3 , (2)
g0i = (1 + φ)ζi , (3)
gij =
[
1− 2φ
(
1− a
2X23
R4
)
+ φ2
]
δij − φ(ζiXj + ζjXi)
2R
+ (1− 2φ)φ2XiXj
R2
, (4)
where φ ≡ −m
R
is Newtonian gravitational potential whenR→∞, and ζ ≡ 2am
R3
(X × e3) de-
notes the vector potential due to the rotation of Kerr black hole.
The metric for a uniformly moving Kerr black hole can be obtained from Eqs. (2) - (4)
via Lorentz transformation. Suppose the coordinate frame of the background is denoted by
(t, x, y, z) , and the translational velocity of the black hole is assumed to be v = ve1. The
Lorentz transformation between (t, x, y, z) and (X0, X1, X2, X3) can be written as
X0 = γt− vγx ,
X1 = γx− vγt ,
X2 = y ,
X3 = z , (5)
where γ = (1 − v2)− 12 is Lorentz factor. Therefore, the metric of a uniformly moving Kerr
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black hole in the weak field limit is obtained as follows:
g00 =−1−2(1+v2)γ2Φ
(
1− a
2X23
R4
)
−(1+γ2)Φ2−2γ2Φ3−vγ2
[
2(1+Φ)+v
X1
R
Φ
]
ζ1
+ v2γ2(1− 2Φ)Φ2X
2
1
R2
, (6)
g0i = γ
1+δi1(1 + Φ)ζi+v
2γ2(1 + Φ)ζ1δi1+vγ
2
(
1 + 2Φ + 2Φ2 + 2Φ3 − 2Φa
2X23
R4
)
δi1
−vγ1+δi1
[(
1−2Φ+Φ2+2Φa
2X23
R4
)
δi1−Φ(ζ1Xi+ζiX1)
2R
+(1−2Φ)Φ2X1Xi
R2
]
, (7)
gij = (1− Φ )2 δij − v2γ2Φ ( 4 + Φ + 2Φ2 ) δi1 δj1 + (2 v2γ2 δi1 δj1 + δij ) 2Φ a
2X23
R4
−vγ
[
γδj1δi1ζj+γ
δi1δj1ζi
]
(1+Φ)+γδi1+δj1
[
(1−2Φ)Φ2XiXj
R2
−Φ(ζiXj+ζjXi)
2R
]
. (8)
It can be verified that Eqs. (6) - (8) reduce to the post-Newtonian approximation and the
multipole fields [9] in the limit of v → 0.
III. DEFLECTION OF TEST PARTICLE IN THE OBSERVER FRAME
The Lagrange function and corresponding Lagrange equation for the test particle (photon
or particle) are
L =
(
ds
dξ
)2
, (9)
d
dξ
∂L
∂
.
q
− ∂L
∂q
= 0 , (10)
where ξ is an affine parameter for the test particle’s world line, q denotes t, x, y, or z, and
the line element ds2 is dictated by Eqs. (6) - (8). For simplicity, we only consider the motion
on the equatorial plane of black hole, namely x− y plane. The velocity of test particle (or
light) is denoted as w with w|x=−∞ = we1, and the corresponding impact factor is denoted
by b , as shown in Fig. 1.
The corresponding Lagrange function in the weak-field limit can be written as
L =
[
1 + 2(1 + v2)γ2Φ + (1 + γ2)Φ2 − 4avγ
2X2Φ
R2
− v
2γ2X21Φ
2
R2
]
.
t
2
−
[
(1− Φ)2 − v2γ2(4Φ + Φ2) + 4avγ
2X2Φ
R2
+
γ2X21Φ
2
R2
]
.
x
2
−
[
(1− Φ)2+X
2
2Φ
2
R2
]
.
y
2−2
[
vγ2(4Φ+Φ2)− vγ
2X21Φ
2
R2
−2a(1 + v2)γ2X2Φ
R2
]
.
t
.
x
− 2
(
2aγX1Φ
R2
− vγX1X2Φ
2
R2
)
.
t
.
y − 2
(
γX1X2Φ
2
R2
− 2avγX1Φ
R2
)
.
x
.
y , (11)
4
S1
Α
black hole
b X2
J
O
z
w
v
Ó
x
y
FIG. 1. Sketch map of deflection of the test particle by moving Kerr black hole. The deflection
angle α is greatly exaggerated and defined to be positive. The blue line represents the trajectory
of the test particle which comes from x = −∞ with velocity w. The observer S1 is static relative to
the background mentioned above. The angular momentum J of Kerr black hole is along positive
z-axis so a > 0 and the test particle takes the prograde motion relative to the rotation of Kerr
black hole.
where the dot denotes the derivative with respect to ξ. After tedious calculations, we can
obtain the Lagrange equations up to the second order as follows:
2
..
t
[
1+2(1+2v2γ2)Φ+(1+γ2)Φ2−4avγ2X2Φ
R2
−v2γ2X
2
1Φ
2
R2
]
−2..y
(
2aγ
X1Φ
R2
−vγX1X2Φ
2
R2
)
−2..x
[
vγ2(4Φ+Φ2)−vγ2X
2
1Φ
2
R2
−2a(1+2v2γ2)X2Φ
R2
]
+4γ2
[ .
t(1+v2)−2v .x
]∂Φ
∂ξ
−4aγ .y ∂
∂ξ
X1Φ
R2
+2
[
(1+γ2)
.
t−vγ2 .x
]∂Φ2
∂ξ
+4aγ2
[
(1+v2)
.
x−2v .t
] ∂
∂ξ
X2Φ
R2
+2vγ
.
X1
∂
∂ξ
X21Φ
2
R2
+2vγ
.
y
∂
∂ξ
X1X2Φ
2
R2
−2γ2
[
(1+v2)
.
t
2
+2(v2
.
x
2−2v .t .x)
]∂Φ
∂t
−
[
(1+γ2)
.
t
2
+γ2(v2
.
x
2−2v .t .x)
]∂Φ2
∂t
+2
.
X1
.
y
∂
∂t
X1X2Φ
2
R2
+ (
.
x
2
+
.
y
2
)
∂
∂t
(1−Φ)2−4aγ2
[
(1+v2)
.
t
.
x−v( .x2+ .t2)
] ∂
∂t
X2Φ
R2
+
.
y
2 ∂
∂t
X22Φ
2
R2
+4a
.
X0
.
y
∂
∂t
X1Φ
R2
+
.
X
2
1
∂
∂t
X21Φ
2
R2
= 0 , (12)
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−2..x
[
(1−Φ)2−v2γ2(4Φ + Φ2) + 4avγ2X2Φ
R2
+ γ2
X21Φ
2
R2
]
−2..y
(
γ
X1X2Φ
2
R2
− 2avγX1Φ
R2
)
− 2..t
[
vγ2(4Φ+Φ2)−vγ2X
2
1Φ
2
R2
−2a(1 + v2)γ2X2Φ
R2
]
− 2 .x ∂
∂ξ
(1− Φ)2 − 2γ .y ∂
∂ξ
X1X2Φ
2
R2
+ 4aγ2
[
(1+v2)
.
t−2v .x
] ∂
∂ξ
X2Φ
R2
−2γ
.
X1
∂
∂ξ
X21Φ
2
R2
+ 4avγ
.
y
∂
∂ξ
X1Φ
R2
−2vγ
.
X0
∂
∂ξ
(4Φ + Φ2)
− 2γ2
[
(1 + v2)
.
t
2
+2v(v
.
x
2−2 .t .x)
]∂Φ
∂x
−
[
(1 + γ2)
.
t
2
+vγ2(v
.
x
2 − 2 .t .x)
]∂Φ2
∂x
+
.
X
2
1
∂
∂x
X21Φ
2
R2
−4aγ2
[
(1+v2)
.
t
.
x−v( .t2+ .x2)
] ∂
∂x
X2Φ
R2
+2
.
X1
.
y
∂
∂x
X1X2Φ
2
R2
+
.
y
2 ∂
∂x
X22Φ
2
R2
+4a
.
X0
.
y
∂
∂x
X1Φ
R2
+ (
.
x
2
+
.
y
2
)
∂
∂x
(1− Φ)2 = 0 , (13)
−2..y (1−2Φ) + 4 .y
.
Φ− 4a
.
X0
.
X1Φ+ 3X1
.
Φ
R2
−2
.
X1
.
X1X2Φ
2+4X1X2
.
ΦΦ
R2
+
.
X
2
1X
2
1
∂
∂y
Φ2
R2
−2
[(
1+2v2γ2
) ( .
t
2
+
.
x
2
)
− 4vγ2 .t .x
] ∂Φ
∂y
−
[
(1 + γ2)
.
t
2
+ (v2γ2 − 1) .x2 − 2vγ2 .t .x
] ∂Φ2
∂y
− 4aγ2
[
(1 + v2)
.
t
.
x− v
(.
t
2
+
.
x
2
)] ∂
∂y
X2Φ
R2
= 0 . (14)
Here Xi (i = 0, 1, 2) is defined in Eq. (5). The affine parameter ξ = x has been used in
Eq. (14).
Since the high-order deflection by Schwarzschild or the non-moving Kerr black hole have
been studied in detail, here we primarily investigate the leading roto-translational effects on
the deflection for our focus. So the bending angle to be derived doesn’t stand for total deflec-
tion angle up to second order now that we don’t consider pure second-order Schwarzschild
terms. Under this circumstance, we notice the conditions to be used still keeps its form like
that in Ref. [7] as follows:
dx =
[
1
γ
(
1− v
w
) +O(m)
]
dX1 , (15)
.
t =
1
w
+O(m) , (16)
.
x = 1 +O(m2) . (17)
Here, ξ has been replaced by x to derive them from Eqs. (12) - (13).
So the corresponding motion equation can be obtained from Eqs. (14) - (17) as
..
y =−
[
(1 + v2)(1 +
1
w2
)− 4v
w
]
γ2Φ,X2−2aγ2
[
1 + v2
w
− v
(
1+
1
w2
)]
Φ+3X2Φ,X2
R2
+ 2aγ2
(
v − 1
w
)
Φ + 3X1Φ,X1
R2
, (18)
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where Φ,Xi denotes the partial differential
∂Φ
∂Xi
. We assume velocity v of the uniformly
moving Kerr black hole is less than w. Therefore, the deflection angle of the test particle
with kinematic corrections can be obtained via integrating from −∞ to +∞:
α(a, v, w)=N1(v,w)
[
−(1+ 1
w2
)
∫ +∞
−∞
Φ,X2 dX1
]
+N2(v,w)
[
−2a
w
∫ +∞
−∞
Φ+3X2Φ,X2
R2
dX1
]
, (19)
where N1(v, w) and N2(v, w) represent the coefficients of kinematic corrections:
N1(v, w) =
γ
(
1 + v2 − 4vw
1+w2
)
1− v
w
, (20)
N2(v, w) = γ (1− wv) . (21)
We finally obtain the explicit expression for Eq. (19) as follow
α(a, v, w) = N1(v, w)
[(
1 +
1
w2
)
2m
b
]
+N2(v, w)
[
− 1
w
4ma
b2
]
, (22)
where we have made use of the relation |X2| = −X2 ≈
√
X22 − a2 ≈ b in the limit of
small-angle approximation.
For the light propagating in the field of a non-moving Kerr black hole, we have v = 0
and Eq. (22) is reduced to the well-known result [1, 2, 10–12]
α(a, 0, 1) =
4m
b
− 4ma
b2
, (23)
The contribution of rotating term in Eq. (23) is negative when the photon takes the prograde
motion relative to the rotation of Kerr black hole, as shown in Fig. 1. The contribution
will become positive when the photon takes the retrograde motion relative to the rotation
(a < 0).
IV. THE LEADING ROTO-TRANSLATIONAL EFFECTS
Wucknitz and Sperhake have studied the translational effects on the first-order deflec-
tion of the test particle in detail [7]. Here we will investigate the leading compound roto-
translational effects, based on Eq. (22).
A. Discussions of velocity effects
For light (w = 1), Eq. (22) is simplified to
α(a, v, 1) = γ(1− v)4m
b
− γ(1− v)4ma
b2
. (24)
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N1Hv,1L
N2Hv,1L
-1.0 -0.5 0.0 0.5 1.0
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v
N
(a)
æ
f1HwL
f2HwL
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(b)
FIG. 2. Two coefficients N1(v, 1) and N2(v, 1) changing with v (left panel) and the behavior of
internal function f2(w) = w
2 of the second coefficient N2(v,w) compared with f1(w) =
3w2−1
1+w2
(right panel) .
As discussed about scaling factor by Sereno [6], N2(v, 1) is the same value as the first-order
coefficient N1(v, 1). So they have the same convergence and divergence, namely diverging
for v → −1 while vanishing for v → +1, as showed visibly in Fig. 2. Nevertheless,
it’s amazing that this homogeneity doesn’t apply to any other massive test particle. This
difference leads to the privileged position of light among all test particles when one weighs
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the magnitude of second-order Kerr deflection (SOKD) with correction.
In the limit of small translational velocity ( | v
w
| → 0 ), namely the first-order velocity
(FOV) approximation, N2(v, w) can be simplified as
N2(v, w) ≈ 1− wv . (25)
Following the work of Ref. [7], the internal function fi(w) is defined as fi(w) = [1−Ni(v, w)] wv .
The corresponding internal function f2(w) of N2(v, w) is showed in Fig. 2, to compare
with the internal function in N1(v, w). In the limit of FOV approximation, one can obvi-
ously observe that the coupling between translational motion and rotation always persists
since f2(w) > 0 for all test particles.
Actually, we find this coupling persists all the time and it doesn’t limit to special circum-
stances such as FOV approximation because both solutions of equation below
N2(v, w) = 1 , (26)
don’t satisfy our basic physical conditions of v < w, − 1 ≤ v < 1 and 0 < w. Therefore, we
argue that the effects of translational velocity always exists in leading rotational term and
may also always appear in total deflection angle up to second order, for any test particle
including light.
Eq. (22) for the limit of FOV approximation is reduced to
α(a, v, w)FOV =
(
1 +
1
w2
)
2m
b
− 1
w
4ma
b2
+
2v(1− 3w2)
w3
m
b
+
4vma
b2
, (27)
which includes four terms on the right side and is consistent with Eq. (27) in Ref. [7]. We
emphasize that formula Eq. (27) here applies to test particles with velocity w which satisfies
the prerequisite | v
w
| ≪ 1 and small angle approximation. The first two terms on the right
side of Eq. (27) are basic first-order Schwarzschild deflection and SOKD for test particle.
The third term arises from pure translational effects of uniformly moving Kerr black hole.
The rest is the coupling term between translational motion and rotation, which persists
invariably as long as v 6= 0. For light it takes the simple form of
α(a, v, w)FOV = (1− v)
(
4m
b
− 4ma
b2
)
, (28)
which can be also obtained from Eq. (24) in the limit of FOV approximation and is consistent
with previous works (see, e.g., Refs. [13, 14]).
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FIG. 3. The general behavior of coefficient N2(v,w) as function of two parameters v and w. We
still choose four typical values 0.1, 1/
√
3 (≈ 0.577), 0.9, and 1 for velocity w of test particle
in order to compare with N1(v,w).
With respect to w = 1/
√
3, although pure effects of translational motion of Kerr black
hole in the first term of Eq. (22) vanish for FOV approximation, N2(v, w) depends on
translational velocity v. Thus, for w = 1/
√
3 (FOV), all of the pure effects of rotation,
pure effects of velocity and the coupling effects mentioned above may still persist in total
second-order deflection angle (including pure second-order Schwarzschild terms) besides the
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basic term in Eq. (27), which is totally different from the case of first-order deflection.
In the limit of v = 0 and w > 0 , deflection angle for test particle including light by Kerr
black hole from Eq. (22) is
α(a, 0, w) =
(
1 +
1
w2
)
2m
b
− 1
w
4ma
b2
, (29)
which can be found directly in Eq. (27) and recovers Eq. (23) for light. What it predicts at
once is an evident conclusion that rotational term is inversely proportional to test particles’
velocity, namely the absolute contribution of rotational term of light takes minimum value
among all tests of deflection of test particles. While the mentioned black hole moves in a
clockwise direction (a < 0) in Fig. 1, deflection angle increases with decreasing velocity w of
test particle. Therefore, one may use the massive particles cast by massive celestial body to
instead of photon in gravitational lensing in some cases if possible. For example, if one sets
w = 0.1 , the first-order deflection angle will increase by about 100 times and contribution
of second-order deflection enlarges 10 times. The advantage is obvious for measuring total
bending angle in the area of astrophysics.
For general cases of v < w, the graphic of N2(v, w) is plotted in Fig. 3 compared with
ratio N1(v, w). It is obvious that N2(v, w) diverges for the limit v → −1 while takes finite
value for the limit v → w.
B. The perturbation of roto-translational effects to the contribution of SOKD
In this section, we calculate the contribution of the leading rotational terms to the de-
flection angle, which can be characterized by the ratio of the kinematically corrected SOKD
relative to the first-order deflection in Eq. (22) as
ρ(χ, v, w) =
2
[
1 + v2 − v (w + 1
w
)](
1 + v2 − 4vw
1+w2
) (
w + 1
w
)χ , (30)
where χ = a/b denotes a function of weighing rotational parameter a for some impact factor.
Here, we discuss the case of a > 0 without loss of generality, so that ρ is non-negative. With
the help of ρ, it’s convenient to grope for the corrections of roto-translational effects to the
contribution mentioned above. A combination of variables like (χ, v, w) is used to clarify
the dependence.
For a moving Kerr black hole with certain χ, the perturbation of translational effects
to the mentioned contribution is approached the upper bound asymptotically and no peak
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emerges, as showed in Fig. 4. Concretely, we find the parameter ρ takes a constant and
maximum value χ for light, while it strictly decreases monotonically with increasing v for
any other test particle. In other words, the contribution of kinematically corrected SOKD
will become larger for a certain test particle, if black hole moves with a smaller speed toward
positive x-axis. ρ approaches the upper bound χ when Kerr black hole moves along negative
x-axis with a highly relativistic velocity (v → −1). And, ρ will turn to its minimum 0 in
the limit of v → w (w 6= 1). On the other hand, in case the black hole with certain t moves
(a) χ = 10−4
(b) χ = 10−1
FIG. 4. ρ as the function of two variables v and w . Here the basic assumption v < w is adopted.
We choose 10−4 and 0.1 for χ as examples.
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(a) w = 1 (b) w = 0.9
(c) w = 1/
√
3 (d) w = 0.1
(e) w = 0.01
FIG. 5. General behavior of ρ as the function of two variables χ and v (< w). w takes five typical
values of 1, 0.9, 0.577, 0.1 and 0.01. As an example, here we set χ ≤ 0.1 which is also used in
Fig. 6.
at a given speed v (−1 < v < w), namely for the same black hole, we find ρ will strictly
increase monotonically with increasing test particle’s velocity w. Therefore, provided that
one use light as test particle, the mentioned contribution will be most noticeable even if it’s
still so small in general. Different from that in the limit v → w (w 6= 1), the minimum of ρ
13
(a) v = −0.99 (b) v = −0.1
(c) v = 0.1 (d) v = 0.577
(e) v = 0.99
FIG. 6. ρ as the function of two variables χ and w(> v). Here we preset five values, namely
−0.99, −0.1, 0.1, 0.577 and 0.99 for v.
is positive for v < 0. For the limit v → −1, ρ is independent on w . Hence, there exist three
special isolines of ρ in Fig. 4, i.e., the zero line w = v and two maximum lines including
the line w = 1 for the upper limit and the ultrarelativistic line v = −1. They restrict the
variation range of the contribution of the kinematically corrected SOKD. As regards the
shape as a whole due to the perturbation of velocities of both lens and test particle, it looks
as if someone dragged one side of the two-dimensional trapezoid down.
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Now we switch to investigate the general behaviors of parameter ρ as the function of two
variables χ and v for certain test particle, as performed in Fig. 5. Similar to the analyses
above, ρ for light (w = 1) becomes one two-dimensional rectangle when overlooking it. For
a given translational velocity v, ρ is simplified to an oblique line with certain massive test
particle. Compared to the case mentioned above for shape, the side to be dragged belongs
to this oblique rectangle.
We also exhibit the characteristics of the parameter ρ from another perspective, i.e. ρ as
the function of χ and w, as shown in Fig. 6.
V. 1.5 PN DYNAMICS FOR TEST PARTICLES
Based on Eqs. (6) - (8), we can derive explicit geodesic equation of a massive particle up
to order 1/R3.5 as follow
du
dt
=−∇
{
(1+v2)γ2Φ+
[
1+γ2
2
+(1+v2)γ2
]
Φ2+vγ2ζ1− 1
2
v2γ2
X21Φ
2
R2
}
− ∂ξ
∂t
+u×(∇×ξ)
+
[
2+(1+v2)γ2
]
u
∂Φ
∂t
+2Φu×(∇×ξ) + 2 [1+(1+v2)γ2]u(u · ∇)Φ− (u2+2v2γ2u21)∇Φ
− 4vγ2u1u (u · ∇)Φ + 2v(1 + v2)γ4u ∂Φ
2
∂x
+
{
4vγ2
[
vu1 + (1− 2v2γ2)Φ
]( ∂
∂t
+u·∇
)
Φ
+2vγ2
[
(1 + v2)γ2 u · ∇ − vγ2(1 + v2 − 4vu1) ∂
∂x
− 2 ∂
∂t
]
Φ2
}
e1 , (31)
where u stands for three-dimensional velocity vector of test particle and it has been assumed
to be order 1/R
1
2 , ui is used to denote u
i ≡ dxi
dt
for convenience and
ξ =
[
vγ2
(
4Φ+Φ2−X
2
1Φ
2
R2
)
+(1+v2)γ2ζ1
]
e1+
(
γζ2− vγX1X2Φ
2
R2
)
e2−vγX1X3Φ
2
R2
e3 , (32)
ζ1 =
2maX2
R3
, (33)
ζ2 = −2maX1
R3
. (34)
In the limit of v → 0 , ξ reduces to
ξ = ζ1 e1 + ζ2 e2 . (35)
Up to order 1/R2.5, the corresponding lightlike dynamics is
du
dt
= −[u2 + (1 + v2)γ2 + 2v2γ2u21 ]∇Φ + 2 [ 1 + (1 + v2 − 2vu1)γ2 ]u (u · ∇)Φ
+ u×(∇×ξ) +[2+(1+v2)γ2]u∂Φ
∂t
+ 4vγ2
[
vu1
(
∂
∂t
+ u · ∇
)
Φ− ∂Φ
∂t
]
e1 . (36)
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Note that both ξ in the expression of 2Φu × (∇ × ξ) in Eq. (31) and ξ in Eq. (36) are
simplified to be 4vγ2Φe1.
VI. APPLICATIONS IN ASTROPHYSICS AND ASTRONOMY
Single moving Kerr black hole may be created by a merger in binary systems [15–18]
or gravitational collapse of massive celestial body [19–24], and so on. The leading roto-
translational effects in deflection of photon and particle presented above may provide some
possibilities to study them the other way around, although the measurement of kinematic
effects may be difficult [25].
Since the existence of gravimagnetism (extrinsic gravimagnetic field) has been verified
preliminarily by Jovian deflection experiment [26], perhaps the coupling effects of transla-
tional motion and rotation can be also used to investigate it. As demonstrated in previous
works (see, e.g., Refs. [27, 28]), the translational motion of Kerr black hole can bring about
extrinsic gravimagnetic field while the rotational-type mass currents can induce intrinsic
gravito-magnetism. Note that intrinsic gravimagnitic field cannot be removed using coor-
dinate transformation [6, 29] and that two types of gravimagnetic field can be probed via
time delay and/or relativistic deflection of light, respectively [27, 30, 31]. Therefore, the
persistence of the coupling of the motions reflects the coupling between the intrinsic and
extrinsic gravito-magnetic field always persists. This coupled gravimagnetic field is also
showed by the explicit metric of moving Kerr black hole. And the analyses of the influence
of roto-translational effects on the contribution of SOKD in Section IVB and the explicit
formula such as Eqs. (22) and (27) might be helpful to study them.
VII. DISCUSSION AND SUMMARY
Kinematic effects in the first-order Schwarzschild deflection of the test particles were
studied systematically [7]. In this paper, we investigate the roto-translational effects on the
SOKD in the weak gravitational field of one uniformly moving Kerr black hole. We analyti-
cally calculate the contribution of the kinematically corrected SOKD to the total deflection
angle, and obtain its upper bound. The dependence of this ratio on roto-translational effects
has been dealt with from three sides.
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For the critical velocity w = 1/
√
3 of test particle in the limit of FOV approximation,
the translational effects always persist for corrected SOKD even though they vanish in the
first-order deflection. In the limit of v → 1, if we take into account of the kinematically
corrected second-order Schwarzschild deflection which reduces to 15pim
2
4b2
for light deflection
by nonmoving Kerr black hole (see, e.g., Ref. [32]), the total second-order bending angle
may not disappear.
In comparison with the work of Sereno [6], we have employed Lagrange equations to study
the roto-translational effects on the deflection of both photon and massive particles. At the
same time, our results are not limited to the low velocity of deflector.
Based on the strict harmonic Kerr metric and Lorentz transformation, one can extend this
method to calculate the velocity or roto-translational effects on the deflection to arbitrary
order, in principle. The effects of transversal velocity can also be investigated. With the
metric in the weak-field limit, i.e., Eqs. (6) - (8), we can also study other observable effects
such as the Shapiro time delay and redshift of light in the time-dependent gravitational field
of the moving Kerr black hole, and this work will be presented in next paper.
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